One dimensional quantum-dot superlattices (1D-QDSLs) consisting of acoustically mismatched materials are demonstrated theoretically to possess sub-1 W m −1 K −1 thermal conductivity in the 50-400 K range of temperatures. We consider coherent Si/Ge 1D-QDSLs, as well as model Si/plastic, Si/SiO 2 and Si/SiC 1D-QDSLs. The phonon energy spectra and group velocities are obtained in the framework of the face-centered cubic cell model of lattice dynamics. On this basis, lattice thermal conductivity is calculated. A strong reduction of lattice thermal conductivity in 1D-QDSL structures in comparison with homogeneous rectangular Si nanowires is explained by the exclusion of phonon modes folded in superlattice segments from the heat flow and by the decelerating action of Ge, SiO 2 , or plastic materials. Thus, the 1D-QDSL structures act as effective phonon filters, eliminating a significant number of phonon modes from thermal transport. The obtained results imply a perspective of quantum-dot superlattices as thermoelectric materials and thermal insulators.
I. INTRODUCTION
A reduction in the size and a corresponding increase in the density of elements on a chip make the task of improving thermal conductivity an important problem in modern electronics. [1] [2] [3] Insufficient heat removal from devices implies they could overheat, which degrades their performance and limits the operating frequency. However, decrease of thermal conductivity may improve the quality of thermoelectrics. The efficiency of thermoelectric devices is determined by the dimensionless figure of merit ZT = S 2 σ T /(κ ph + κ el ), where S is the Seebeck coefficient, σ is the electrical conductivity, T is the absolute temperature, and κ ph and κ el are the lattice (phonon) and electronic thermal conductivity, respectively. One possible way to increase the figure of merit consists of achieving low values of thermal conductivity while maintaining good electronic transport characteristics (electrical conductivity and Seebeck coefficient) in phonon-blocking and electron-transmitting nanostructures. 4 In technologically important semiconductor devices, acoustic phonons play a dominant role in lattice thermal conductivity. The thermal conductivity of semiconductor nanoscale structures is much lower than the corresponding bulk value 3, [5] [6] [7] due to the increase in phonon scattering at the boundaries of a nanostructure and the modification of the phonon energy spectrum, leading to a decrease in phonon group velocity. 3, [5] [6] [7] [8] [9] It has been demonstrated theoretically that lattice thermal conductivity in Si free-standing films 5 and Si nanowires 6, 7 is two orders of magnitude lower than the corresponding bulk value. Measurements of thermal conductivity in single free-standing Si nanowires with diameters of 22-115 nm confirmed the theoretical prediction and showed a decrease in thermal conductivity by two orders of magnitude 10 in comparison with that in bulk silicon.
Thermal conductivity of different nanostructures (quantum layers, 9, 11, 12 nanowires with different cross section shapes and sizes, 6, 7, [13] [14] [15] [16] [17] and quantum-dot superlattices [18] [19] [20] [21] ) has been a subject of wide theoretical and experimental interest. For calculation of thermal conductivity, researchers often use the phonon energy spectra obtained in the framework of the continuum approach, which gives correct dispersion relations in the long-wave limit. Zou et al. 22 theoretically investigated thermal conductivity in planar AlN/GaN/AlN heterostructures by taking into account the spatial confinement of shear phonon modes.
In Ref. 11, in the framework of the continuum approach, lattice thermal conductivity of dilatational and shear phonon modes was calculated in planar three-layer Si/Ge/Si heterostructures. The authors found that thermal conductivity of a conducting Ge channel could be adjusted by suitable selection of barrier layer thickness and the boundary scattering parameter. In Ref. 14, thermal conductivity of rectangular nanowires made of CdTe was studied. It was found that the phonon confinement led to a substantial reduction of lattice thermal conductivity at relatively low temperatures. However, the continuum approach is inadequate to describe the short-length, high-energy phonon modes that are significant for heat transfer. Recently, it has been demonstrated 23 that the continuum approach significantly overestimates thermal conductivity for medium and high temperatures (T > 100 K) in comparison with the face-centered cubic cell (FCC) model of lattice dynamics due to a steep slope of the dispersion curves for high-frequency phonon modes. Models of lattice dynamics, 13, [23] [24] [25] [26] [27] [28] which are valid for all values of the phonon wave vector, allow for an accurate description of the thermal properties of nanostructures that is in a good agreement with experimental data on thermal conductivity.
In the present paper, using the FCC model of lattice dynamics, we show that we can achieve a drop in lattice thermal conductivity in a nanowire consisting of segments made of different materials-one-dimensional quantum-dot superlattice (1D-QDSL)-due to a strong decrease in phonon group velocities. The great advantage of 1D-QDSLs in comparison with planar superlattices, [29] [30] [31] is that elastic stresses relax more easily in 1D-QDSLs than in superlattices from quantum layers due to the small structure dimensions in the plane perpendicular to the nanowire axis. The latter helps ensure defect-free interfaces. Femtosecond ultrasonic transport of coherent acoustic phonons with energies of the order of and less than the forbidden band of three-dimensional Si/Ge quantum-dot superlattices 32 revealed that the threedimensional ordering and uniformity of the quantum dots strongly influence the acoustic resonance observed at the phononic band gap. The efficiency of quantum-dot superlattices in thermoelectricity was discussed in the literature, 33 with focus on the electronic properties of 1D-QDSLs. Recently, the role of electron minibands in the enhancement of thermoelectric efficiency in GaAs/InAs 1D-QDSLs has been theoretically analyzed. 34 In the present paper, we focus on an investigation of the phonon properties and lattice thermal conductivity of 1D-QDSLs.
The rest of the paper is organized as follows. In Sec. II, we describe the theoretical model for acoustic phonons and the method of calculation of thermal conductivity in the nanowires and 1D-QDSLs. Results and discussions are presented in Sec. III. We give our conclusions in Sec. IV.
II. THEORETICAL MODEL
We investigate acoustic and heat-conducting properties of rectangular Si and Ge nanowires, as well as 1D-QDSLs in the framework of the FCC model of lattice dynamics. 18, 23, 28 The crystal lattice of silicon consists of two FCC sublattices, which are shifted along the main diagonal of a unit cell by 1/4 of its length. In the FCC model, two shifted FCC sublattices are considered a common FCC lattice with double mass at each lattice node. This simplification neglects the optical phonon modes. However it is adequate since thermal conductivity in semiconductors is mainly determined by the acoustic phonons. Our model is based on three force constants, which are expressed through independent elastic constants of a material. This allows us to simulate the acoustic properties of heterostructures consisting of layers with different acoustic properties and various dimensions. 23, 28 The schemes of a rectangular nanowire and a 1D-QDSL in vacuum are shown in Fig. 1 . The external surfaces of the considered nanostructures are assumed to be free. 6, 8, 9 The X 1 and X 2 axes of the Cartesian coordinate system are located in the plane of the cross section of the nanowire and are parallel to its sides, while the X 3 axis is directed along the axis of the nanowire. We suppose that the length of the nanowire along axis X 3 is infinite. The origin of coordinates is at the center of the cross section of the nanowire. The lengths of sides of the nanowire are denoted as d 1 and d 2 , respectively, while the period of 1D-QDSL is denoted as L.
In the FCC model, all lattice nodes in bulk materials are translationally equivalent. The displacement of a lattice atom in the node labeled with the number n can be written as
Because of the equivalence of nodes, the amplitude of their displacements does not depend on the node number: n = a 1 n 1 + a 2 n 2 + a 3 n 3 , where
(1,1,0), and
(1,0,1) are basis vectors of the FCC; n 1 , n 2 , and n 3 are integers; and a is the lattice constant, with a(Si) = 0.549 nm and a(Ge) = 0.565 nm.
The node displacement in a bulk crystal is described by the vectorial equation of motion with three components
where F i ( n) is a component of the force acting on node n from the other nodes of the lattice and m is the node mass (double atomic mass in the framework of the FCC model). In the harmonic approximation,
where ij ( n, n ) is the three-dimensional matrix of the force constants and V is the potential energy of the lattice. Taking into account Eq. (1), we obtain
where
)e i q h is the dynamic matrix and
We take into account the interaction of the node with the nearest and second-nearest nodes. The interaction with the 12 nearest nodes is centrally symmetric, and it is described by one constant, α 1 . 35 The matrix of the force constants in this case is il ( n , n) = −α 1 ( n , n)h
2 , where h 1 indicates the positions of the nearest nodes of node n = 0 and h 1 i is the projection of vector h 1 on the corresponding coordinate axis X i . The interaction with the second-nearest nodes is not centrally symmetric, and it is described by two constants, α and β. 36, 37 The vector h 2 describes the position of the six second-nearest nodes of node n = 0:
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For every node with vector h there exists a node with vector − h; therefore, the dynamic matrix is real. Comparing the phonon dispersions ω(q) for three phonon branches (one longitudinal and two transversal) obtained from Eq. (4) in the long-wave limit q → 0 with those derived within a continuum approach, 9 we established the following relations between the constants α 1 , α, and β and the elastic moduli of a cubic crystal c 11 , c 12 , and c 44 : 44 )/4, and β = a(c 44 − c 12 )/8. Using these relations, we calculate the phonon energy spectra in nanostructures.
We select the X 3 axis of the nanowire along the (0 0 1) direction of the cubic crystal and assume that a lattice node exists at the origin of coordinates. Translational symmetry in the considered nanostructures is preserved only along nanostructure axis X 3 . Therefore, the equivalent lattice nodes in the nanostructure are located on lines parallel to axis X 3 , which passes through the center of the nanowire. Displacements of equivalent nodes have one amplitude,
where x 1 and x 2 are coordinates of the points of intersection of those lines with the (X 1 ,X 2 )-plane and k = 1,2 is the number of the coordination sphere. The number of nonequivalent nodes in the nanowire is equal to the number of the intersection points. The nodes are partly located directly on the plane and partly shifted by a/2 along X 3 . The number of equations of motion is triple the number of the intersection points: 3N. The equations of motion for the nanowire have the form
The summation in Eq. (8) is performed over all nearest and second-nearest nodes, which are equivalent to node (x 1 ,x 2 ), i.e., are located on the same line. The vector n has the form n = (x 1 ,x 2 ,0) when the node is located on the (X 1 ,X 2 )-plane and n = (x 1 ,x 2 ,a/2) otherwise. Invariance of the set in the form of Eq. (7) with respect to the reflection in the planes of symmetry leads to the following four possible types of solutions: 
For phonon thermal conductivity calculations in nanowires and 1D-QDSLs, we use the following expression, which was derived from the Boltzmann transport equation within the relaxation time approximation 13, 27, 39 taking into account the one-dimensional density of phonon states:
Here, τ α s,tot (ω) is the total phonon relaxation time, α = (D, F 1 , F 2 , or Sh) is the polarization index, s is the number of a phonon branch, k B is the Boltzmann constant,h is the Plank constant, and T is the absolute temperature. In our calculations, we take into account all basic mechanisms of phonon scattering: three-phonon Umklapp, boundary, and impurity scattering. [5] [6] [7] 28 The total phonon relaxation time is given by 1/τ tot,s (q) = 1/τ U,s (q) + 1/τ imp,s (q) + 1/τ B,s (q). Here, (1) τ U,s is the relaxation time for the Umklapp scattering
where γ is the Grüneisen parameter, V 0 is the volume of an elementary cell, and (ω α s ) max is the maximum phonon frequency of the phonon branch s with the polarization α, (c 44 (q)) 
, where v α s (q) is the phonon group velocity and p is the specular parameter. In the calculations, we use the following parameters, which are typical for silicon: γ = 0.56 5 and A = 1.32 × 10 −9 s 3 .
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III. RESULTS AND DISCUSSION
Due to the elastic stresses in 1D-QDSL structures consisting of materials with small differences in lattice constants (i.e., Si and Ge), the lattice constants along the X and Y axes in the whole 1D-QDSL structures become identical. We assume that the lattice constant of Si/Ge 1D-QDSL structures is equal to a(Si) = 0.543 nm. We have checked that using a(Ge) instead of a(Si) in our calculations or taking into account the dependence of the lattice constant on the coordinate z change the values of thermal conductivity only by a few percent. This implies that taking into consideration the lattice relaxation near Si/Ge interfaces would also weakly change thermal conductivity. To calculate the energy spectra of acoustic phonons in rectangular nanowires, we numerically solve the set represented by Eq. (7) with free boundary conditions in the X 1 X 2 -plane; i.e., we assume that all force constants outside of the nanostructure are equal to 0. In a 1D-QDSL structure, the number of nonequivalent nodes is equal to the number of nodes on a superlattice period. Therefore, the number of equations in the set represented by Eq. (7) is substantially larger than in a nanowire. For 1D-QDSL, the set in the form of Eq. (7) is solved by taking into account the periodic boundary conditions along the X 3 axis:
The calculations are performed for all q values in the interval (0, π /a) for nanowires and (0, π/L) for 1D-QDSLs. Dispersion relations are obtained for all four phonon polarizations: D, F 1 , F 2 , and Sh. The energy spectra of dilatational phonons in a homogeneous Si nanowire with a lateral cross section of 4.88 × 4.88 nm and Si/Ge 1D-QDSL structure with the same cross section and eight atomic layers in the superlattice period (six silicon atomic layers and two germanium atomic layers) are shown in Fig. 2 . In our calculations, 361 nodes are taken for the Si nanowire and 1444 nodes for Si/Ge 1D-QDSL structure. The total number of phonon branches of dilatational polarization is equal to 280 for a Si nanowire and 1120 for a Si/Ge 1D-QDSL. In Fig. 2 , we represent the five lowest phonon brancheshω s (q) (with quantum numbers s = 0, . . ., 4) and several higher branches (with s = 10, 20, 30, . . ., 200, 300, . . ., 1100, 1120) . The dashed line in Fig. 2(b) shows the maximal phonon energy in a homogeneous Ge nanowire. The maximal acoustic phonon frequency in silicon is higher than the maximal frequency in germanium; therefore, high-frequency Si-like phonon modes in a Si/Ge 1D-QDSL are "trapped" in the Si segments and do not spread out in the Ge segments of the superlattice. These modes will not participate in the processes of heat transfer; i.e., the 1D-QDSL structure acts as a phonon filter, removing many phonon modes from thermal transport. Fig. 2 implies that the velocities of phonon modes withhω > 7 meV in the Si nanowire are not equal to zero, whereas in a Si/Ge 1D-QDSL, these modes are dispersionless.
An important quantity that determines the value of the phonon thermal conductivity is the average group velocity of phonons 8, 17 v
Summation in Eq. (10) is performed over all phonon branches s with frequency ω and polarization α; here, g(ω) is the number of these branches and v s = dω s /dq is the phonon group velocity for the branch s.
In Fig. 3 , we show the dependence of the average phonon group velocity (averaged over all polarizations and branches) on the phonon energy for homogeneous Si and Ge nanowires (d 1 = d 2 = 4.88 nm) (solid lines) and the Si/Ge 1D-QDSL (d 1 = d 2 = 4.88 nm, L = 1.9 nm), with six atomic layers of Si and two atomic layers of Ge per period (dotted line). The average phonon group velocity in the Si/Ge 1D-QDSL is smaller than that in the Ge nanowire for all energies except for the intervalhω < 4 meV, and it is smaller than that in the Si nanowire for all energies. For energieshω > 6 meV, the average velocity in the Si/Ge 1D-QDSL is 4-6 times lower than that in the Si nanowire. This significant reduction of the average phonon group velocity in a 1D-QDSL is explained by the folding of the phonon modes with high frequencies in the Si segments of superlattice, and as demonstrated later, it strongly decreases lattice thermal conductivity in a 1D-QDSL in comparison with a nanowire.
For numerical calculations of lattice thermal conductivity in nanowires and 1D-QDSL structures, we performed numerical integration in Eq. (9) using phonon dispersionshω s (q) and total phonon scattering rates 1/τ tot ,s(q) calculated for each phonon branch s.
The specular parameter p of boundary scattering is an important parameter that influences the value of thermal conductivity in nanostructures. 6, 28, 38 The thermal conductivities of thin films or nanowires in purely specular boundary scattering (p = 1) are several times larger than those in purely diffusive scattering (p = 0). However, our calculations show that the ratio of thermal conductivity values in the analyzed 1D-QDSLs and in nanowires varies by 10%-15% with changing p. Therefore, for all nanostructures considered in the present work, we used p = 0.85, which was found in Ref. 28 from comparison between theoretical and experimental data for thin Si film with thickness of 20 nm.
In Fig. 4 , lattice thermal conductivity is plotted as a function of temperature for the Si and Ge nanowires with a cross section of 4.88 × 4.88 nm and for the Si/Ge 1D-QDSL with the same cross section and eight atomic layers in a period (L = 1.9 nm). The presented graph implies that the lattice thermal conductivity of the considered Si/Ge 1D-QDSL is significantly lower than that in the corresponding generic Si or Ge nanowires. In the temperature range 150-300 K, thermal conductivity in the 1D-QDSL is 5-6 times lower than that in the Ge nanowire with the same cross section and 9-11 times lower than that in the Si nanowire. When the number of atomic layers of Si per period increases from four to six (Fig. 4) , the properties of the Si/Ge 1D-QDSL reveal a slight trend toward those of the Si nanowire. Therefore, the phonon thermal conductivity in the Si/Ge 1D-QDSL, containing an equal number of atomic layers of Si and Ge, is lower than in the 1D-QDSL, containing different numbers of atomic layers per period (Fig. 4) .
In Ref. 24 , it is theoretically shown that thermal conductivity of 1D-QDSLs (segmented nanowires), consisting of different isotopes of silicon, is by a factor of two smaller than in a Si nanowire. Our results demonstrate an even greater drop in thermal conductivity in 1D-QDSL composed of segments from acoustically mismatched materials due to a stronger localization of phonon modes in the superlattice segments and a stronger decrease in phonon group velocities. Our findings for the Si/Ge 1D-QDSL are in line with the reduction of thermal conductivity down to the sub-1 W m
range achieved recently in multilayered Ge/Si dot arrays. Si/Ge quantum-dot superlattices in the framework of a latticedynamics model with Stillinger-Weber potentials. The authors of Ref. 40 explain the thermal conductivity reduction by the significant decrease in phonon group velocities and incoherent scattering of the particle-like phonons. Figure 5 illustrates the drop in thermal conductivity in a 1D-QDSL consisting of segments made of Si, Ge, and model materials, in comparison with the Si nanowire with the same cross section 4.88 × 4.88 nm. As an example of a material with a higher longitudinal sound velocity than that in silicon, we choose SiC. As examples of materials with lower sound velocities, a plastic and SiO 2 are selected. For the calculation of the phonon energy spectra in 1D-QDSL with model materials, we assumed that these materials possess the same crystal structure as Si with the lattice constant a = a(Si) but have elastic constants of the corresponding material: plastic, SiO 2 , or SiC. Generally, more complicated lattice-dynamics models than the FCC model are needed for an accurate quantitative description of 1D-QDSL structures with acoustically mismatched quantum dots. Therefore, in 1D-QDSL structures composed of model materials, our results provide a qualitative description of thermal conductivity. The elastic constants and mass density of plastic, SiO 2 , and SiC taken for our calculation are presented in Table I . A specific chemical nature of the model plastic material is not essential for our analysis. We assume that the sound velocity in plastic material is 2000 m s plastic materials (e.g., polyvinyl chloride, polystyrene, or polyethylene). 41 In the Si/plastic 1D-QDSL, the average phonon group velocity strongly decreases due to the decelerating effect of the plastic material and dispersionless phonon modes folded in the superlattice segments. An interplay between these two effects leads to a decrease of thermal conductivity by a factor of 25-35 in comparison with that of the Si nanowire. Thermal conductivity of the Si/SiC and Si/SiO 2 1D-QDSL is lower than that in the Si nanowire by factors of 5-10 and 8-15, respectively, depending on the temperature. A similar dramatic influence of the acoustically mismatched layers on the phonon properties and thermal conductivity is theoretically reported in Refs. 3, 11, 22, 23 , and 28 for planar heterostructures and coated nanowires. The predicted effect of the phonon filtering can be achieved in the strain-induced self-organized nanoarchitectures, e.g., rolled-up radial superlattices, [44] [45] [46] which comprise alternating crystalline and amorphous, as well as inorganic and organic, layers.
IV. CONCLUSIONS
We investigated the phonon and heat-conducting properties of 1D-QDSLs of Si/Ge, Si/plastic, Si/SiC, and Si/SiO 2 consisting of acoustically mismatched materials in the framework of the FCC model of lattice dynamics. Numerous phonon branches with low group velocities appear in 1D-QDSL structures in comparison with a generic nanowire. A drop in the group velocities in 1D-QDSL structures leads to a strong decrease of their lattice thermal conductivity compared with that of a homogeneous nanowire. 1D-QDSL structures act as effective phonon filters, eliminating a part of high-energy phonon modes from the heat flux. As a result, the considered 1D-QDSLs demonstrate ultralow sub-1 W m −1 K −1 thermal conductivity in the wide temperature range of 50-400 K. The obtained results indicate that 1D-QDSL structures are good candidates for thermoelectric and thermoisolation applications.
